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Abstract

In this lecture, we talk about some applications of the various concentration inequalities
covered in the previous classes, particularly Höffding’s inequality and the Azuma-Höeffding In-
equality. We use these to get bounds on problems of interest across combinatorics, compression,
graphs and algorithms.

1 Recap

In the previous lecture, we spoke of some concentration inequalities, which give us bounds on how
far from its expectation a random variable can take values. Starting with Markov’s and Chebyshev’s
inequalities, we also spoke of Chernoff bounds and ended with some powerful inequalities:

Theorem 1. Höffding’s Inequality:
Let Xi be independent random variables, E[Xi] = 0 and ai ≤ Xi ≤ bi. Let Sn denote the partial
sums of Xi’s. Then

P(|Sn| ≥ t) ≤ e
− 2t2∑n

i=1
(bi−ai)2

Theorem 2. Höffding’s Inequality for Subgaussian Tails
Let Xi be independent subgaussian random variables with parameter σi and E[Xi] = µi. Then

P(Σ(Xi − µi) ≥ t) ≤ e−
t2

2Σσi

Theorem 3. Azuma-Höeffding Inequality Let Mn be a martingale, |Mi −Mi−1| ≤ ci. Then, for
t > 0,

P(|Mn −M0| ≥ t) ≤ e
− t2

2
∑n
i=1

ci

Theorem 4. McDiarmid’s Inequaltiy
Let A be a finite set and X = (X1, X2, . . . , Xn) ∈ An be random variable. Consider the function
f : A→ R, and let |f(x1, . . . , xi, . . . , xn)− f(x1, . . . , x

′
i, . . . , xn)| ≤ ci. Then

P(|f(X)− E(f(X)))) ≤ e−
t2

2
∑n
i=1

ci

2 Johnson-Lindenstrauss Lemma

2.1 Motivation

In storing data, storing in low dimensions makes for more efficient, inexpensive computation and is
preferred to using higher dimension spaces to store the same data. An important result in this field is
the Johnson-Lindenstrauss Lemma, which essentially states that any n points in a high dimensional
euclidean space onto k dimensions such that k ≥ c(ε)(log n) (i.e. an O(log n) space to store n
dimensional data) at the cost of distortion in the distance between them by a factor of (1± ε), i.e.
an ε net. The regime of interest here is d >> n >> k.

2.2 Lemma and Proof

Theorem 5. Johnson-Lindenstrauss Lemma
Let ε ∈ (0, 12 ) be a fixed constant. Then there exists c = c(ε) ≥ 0 such that for any Q ⊆ Rd such that
|Q| = n, ∃ a Lipschitz function f : Rd → Rk such that ∀u, v ∈ Q

(1− ε)||u− v||2 ≤ ||f(u)− f(v)||2 ≤ (1 + ε)||u− v||2

where k = c(ε) log n
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Proof. We construct a random map and show that this condition is satisfied with high probability.
So we choose a random k × d matrix A, and suppose that f(x) = 1√

k
Ax. We want to show that

E||(u−v)||2 is close to ||u−v||2. We choose, for this problem, for the entries of A ∼ iid N(0, 1). Then
Axi =

∑n
j=1 aijxj ⇒ E[||Ax||2] = kx2. It is of importance with respect to the subsequent steps of

the proof that Axi and Axj for all i 6= j are independent. This can be attributed to the fact that
for fixed x, Axi is essentially a dot product and its expectation depends solely on the distribution
of the entries of A. Owing to the fact that these entries are themselves iid, we can say that the
entries of the two vectors ai, aj for all i 6= j are independent. (In fact if scaled by the norm, they
correspond to individual random vectors chosen uniformly from Sd−1). Now, we fix u, v ∈ Q, then

P((1− ε)||u− v||2 ≤ ||f(u)− f(v)||2 ≤ (1 + ε)||u− v||2) (1)

is of interest. To compute this, let us consider the term Zi(x) = (Axi)
2

||x||2 . Take x = u − v, which

makes 1
k

∑k
i=1 Z

2
i , in which case (1) becomes

P(k(1− ε)||u− v||2 ≤
k∑
i=1

Z2
i ≤ k(1 + ε)||u− v||2) (2)

We note that Zi’s are N(0, 1) random variables (since sum of normal random variables are the same,

and it is easy to see that the variance is 1, mean is clearly 0), which implies that
∑k
i=1 Z

2
i is a χ2

distribution with k degrees of freedom, call it χ2
k. So we want upper bounds on

P(χ2
k ≥ (1 + ε)k) (3)

and
P(χ2

k ≤ (1− ε)k) (4)

Now,

P(χ2
k ≥ (1 + ε)k) = P(

k∑
i=1

Z2
i ≥ (1 + ε)k)

= P(et
∑k
i=1 Z

2
i ≥ et(1+ε)k)

≤ E[et
∑k
i=1 Z

2
i ]

et(1+ε)k

=
E[etZ

2
1 ]k

et(1+ε)k

(5)

Using the value of the MGF of the χ2 distribution, we have that

P(χ2
k ≥ (1 + ε)k) ≤

(
1

(et(1+ε))
√

1− 2t

)k
(6)

Differentiating with respect to t, we find that this attains its minimum value at t = ε
2(1+ε) , which

gives us that

P(χ2
k ≥ (1 + ε)k) ≤ ((1 + ε)e−ε)

k
2 (7)

Consider the functions y = (1 + ε) and y = e(ε−
ε2

2 ). Note that they have the same value at ε = 0,
and the latter has slope ≤ 1 in [0, 0.5]. Thus we bound (7) by

P(χ2
k ≥ (1 + ε)k) ≤ e

−ε2k
4 (8)

The same holds identically for the other side with a slight difference in calculations. Choosing

c(ε) = ε2

4 , it implies therefore that (2) is bounded by 1− 2e−ck. Considering that we have n points
and can thus choose u, v in

(
n
2

)
∼ O(n2) ways, we can say, by the union bound that

P
(
∃u, v ∈ Q such that

||f(u)− f(v)||
||u− v||

)
≤ 2n2e−ck (9)

Taking k ∼ O(ε−2 log(n)), for a large enough constant, this becomes sufficiently smaller than 1.
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2.3 Variants

Variants on A :
The proof rests on the versatility of the random matrix A. Some key tools which allowed us to
complete the proof include the facts that

1. The entries were independent and identically distributed.

2. They were subgaussian with mean 0, which implied that appropriately scaled linear combina-
tions would preserve mean and variance.

3. Being subgaussian allows us to bound the MGF of the random variable exponentially (follows
from Markov’s inequality; in fact, the converse is also true).

Thus, in a more general scenario, we can replace the iid N(0, 1) variables with iid subgaussians with
mean 0 and variance 1. [3]

Variants on the nature of the ε-net A generalisation to this would be to consider a map which
preserves the angles between triplets of points. It is important to note that even with the distances
preserved, it is not necessarily true that the angles are preserved. Consider, for instance a case where
we choose 3 points A,B,C such that the side BC << min(AB,AC). In this case, this distortion of
angles is very easy to construct, and this results in a drastic change in height of the triangle ⇒ a
drastic change in its area as well. We instead try to prove this result for some special cases.

Lemma 6. Take a right angled isosceles triangle ABC of sides {h, h, h
√

2}in Rd right angled at A
with a distance preserving contraction f with factor (1+ ε) as earlier, ε ≤ 1

6 . Then, informally using
f(X ) to denote the analogue of a quantity (angle, area, side etc.) X defined on ∆ABC under the
embedding, we have

1. |〈f(AB), f(AC)〉| ≤ 2εh2

2. h′ ∈
[

h
1+2ε , h

]
where h′ is the height of the triangle f(∆ABC)

Proof. 1. Clearly, the expression on the LHS is maximised for the greatest distortion in ∠A,
which occurs when AB and AC shrink to the minimum allowed value, i.e. h

1+ε , with f(BC)

not shrinking at all. Then, using the cosine law, we can compute the inner product as ≤ 2εh2.

2. The above construction also maximises | cos(f(∠A))|, which can similarly be bound by 2ε+ ε2.
Keeping in mind that ε ∈ [0, 16 ] and sin(θ) =

√
1− cos2(θ), we get the bound of sin(θ) ≥ 1+ε

1+2ε .
This leads us to the bounds for h′.

This is important because this idea of using right angled isosceles triangles can be extended to
any arbitrary triangulation (we can also do this by constructing equilateral triangles, for instance).
For any triangle, pick a side and take the projection of the third vertex on that side and construct
an isosceles triangle such that (a) the altitude from the third vertex is one of the equal sides (b) the
second equal side lies on the side we intially picked. If we are able to preserve the pairwise distances
for this right angled isosceles triangle, given the already known condition of distance preservation, we
can get a bound on angle and thus area preservation because the height of the triangle is preserved.
Note that give a side, we need 2 additional points to allow this, which implies that for n points and
the

(
n
3

)
triangles they induce, we need 6

(
n
3

)
additional points, which implies, by Theorem 5, that k

here is ε−2l log(n+ 6
(
n
3

)
) ≈ 3ε−2 log(n).

To preserve l-dimensional volume, we would similarly need to do a similar calculation for l-
simplices, which would give us a bound of O((l + 1)ε−2 log(n)). A more detailed bound can be
found at [1], where they also give a bound by a double sided factor of 1 + 8

π

√
ε for angles with ε ≤ 1

3
and k ≥ 60ε−2 log(n). Another useful reference can be found at [2].
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3 Balls and Bins

We have m balls and n bins, and the balls are thrown independently and uniformly, and we try to
estimate the number of empty bins. Let us denote this by Z. Then, the expectation of the number
of empty bins, E[Z] = n(1 − 1

n )m ≈ ne−
m
n ∼ Θ(n). Denote by Zi the index of the bin into which

the i-th ball went. Then Z is dependent on each of these Zi’s, i.e. Z = f(Z1, Z2, . . . , Zm). If the
i-th ball instead went to a different bin, then the number of empty bins can change by at most 1,
⇒ |f(Z1, . . . , Zi, . . . , Zm)− f(Z1, . . . , Z̃i, . . . , Zm)| ≤ 1, i.e. f is 1-Lipschitz. Therefore, we may use
the Bounded Difference Inequality (McDiarmid) to conclude that

P(|Z − E[Z]| ≥ c
√
n) ≤ 2e−

c2n
2m (10)

4 Chromatic Numbers of Erdös Renyi Graphs

Let G ∼ G(n, 12 ). The chromatic number is then χ(G), and we want to find a small bound for
P(|χ(G)− E[χ(G)]| ≥ λ)

4.1 Edge Exposure Martingale

Let e1, e2, . . . , e(n2)
be an enumaration of the edges of the complete graph on n vertices, Kn. Recall

that if we have a filtration of σ-algebras F0 ⊆ F1 ⊆ . . . ⊆ Fn and the random variable X is
Fn measureable, then we have a martingale defined by Mi = E[X|Fi], which is called a Doob’s
Martingale. It is then natural to define such martingales on a graph. One of them is what is called
the Edge Exposure Martingale. We define this as E[f |Fi], which suggests origins of the nomenclature;
the idea is to expose one edge after the other, and then observe how the expectation of some function
dependent on these edges changes.

We then define the random variable Zi = 1(ei∈V (G)), and consider the chromatic number, χ(G) =

f
(
Z1, Z2, . . . , Z(n2)

)
. Then we note that introduction of an edge can either connect two vertices

that have different colours, in which case χ(G) does not change, or it can connect two vertices which
have the same colours, which may increase χ(G) by at most 1. Thus, f is clearly 1-Lipschitz in the
Hamming metric, and then

P(|χ(G)− E[χ(G)]| ≥ λ) ≤ 2e−
λ2

n(n−1) (11)

The bound obtained in (9) is not particularly useful, as χ(G) ∼ O(n) typically, and since λ is typically
of the same order, the bound becomes something of the sort of e−c. This is primarily because this
martingale does not do a great job of accurately telling us when and how the chromatic number
changes with edges, and the construction implies that in a large number of cases, the function is
actually 0-Lipschitz, i.e. adding an edge makes no change in the chromatic number.

4.2 Vertex Exposure

Having failed with the Edge Exposure Martingale, we instead use the same method of construction
to get the Vertex Exposure Martingale, Mi = E[χ(G)|Gi], where for some enumeration of the vertices,
Gi is the neighbourhood of the vertices {v1, v2, . . . , vi}. Essentially, we define the random variable
Zi ∈ {0, 1}(n−1), where the j-th co-ordinate determines whethere there exists an edge between vi
and vj (if j < i) or vj + 1 (if j ≥ i). Then, χ(G) = f(Z1, Z2, . . . , Zn), and so we consider the vertex
exposure martingale defined by Mi. Notice that by addition of the neighbours of some vertex and
the edges joining them to vertex of interest, we do not add any edges between the newly added
vertices. Consequently, each vertex will now have at most one new neighbour, which implies that
the chromatic number at this step may change by at most 1 as we can get a proper colouring by
modifying that at the vertex of interest alone. This leads us to conclude that similar to the previous
case, this is also a 1-Lipschitz function. Consequently we may once more use the Azuma-Höffding
inequality to conclude that

P(|χ(G)− E[χ(G)]| ≥ λ) ≤ 2e−
λ2

n−1 (12)

and setting λ = c
√
n, this becomes

P(|χ(G)− E[χ(G)]| ≥ c
√
n) ≤ 2e−

c2

2 (13)
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5 Random TSP

The travelling salesman problem (TSP) is an NP -complete problem in computer science. Given n
points, the objective is to find the shortest tour that covers each of the points precisely once. In this
section, we show that for the random problem, it is possible to get a tight bound around the mean.

Let us consider n iid points on the unit square, [0, 1]2, and let X be the minimum TSPtime.

Claim 7. The following claim is attributed to Rhee (1992) [4]

E[X] = Θ(
√
n) (14)

5.1 Lower Bound

Let the set of points be denoted by P = {P1, P2, . . . , Pn}, and let di = dist{Pi, P\Pi}. Then clearly,

X ≥
∑i=n
i=1 di. Since the points are iid, it is sufficient to compute the statistics of interest for any

one of these points. P(di > x) is the probability that a point is more than at a distance of x from
all other points, which implies that there are no other points p ∈ P in a circle of radius x around
Pi. The worst case is when the entire circle lies inside the square, so we bound it by the area of the
circle to get

P(di > x) ≥ (1− πx2)(n−1) ≈ e−π(n−1)x
2

(15)

Using this, we bound the expectation of the distance between two points. We know that
E[Xp] =

∫∞
0
pyp−1P(X > y)dy. We use this to compute the following:

E[di] =

∫ ∞
0

P(di > x)dx ≥
∫ √2

0

e−π(n−1)x
2

dx (16)

We note that this is similar to the normal distribution with mean 0, except that it lacks a normalising
factor of

√
n− 1. Using the fact that the probability that a normal distribution with mean 0 has

probability of 1
2 of being greater than 0, we use this to conclude that

E[di] ≥
c√
n

(17)

where c is a suitable constant and this follows as
√
n ≥
√
n− 1. Denote

√
n−1√
n

as equals to (1− ε).
Combining this with the fact that the integral in (14) is actually bounded by 1

2 , we conclude that

E[X] ≥ nE[di] ≥
(

1

2
−O(1)

)√
n (18)

5.2 Upper Bound

Let us divide the square into h strips of height 1
h , and traverse the points in them from left to

right or right to left. The approximate time required to do this can be bounded by the triangle
inequality by the total distance traversed in the horizontal and vertical directions. This is optimised

for h = 1√
n

, which gives us
√
n horizontal strips, where the last one might be of height {

√
n}√
n

. We

start from the (bottom) left corner of the bottommost strip, and move to its (top) right corner.
Then we move from the bottom right corner of the next strip to its top left corner, and so on. Since
the sum of the horizontal distances between the points in a strip is at most 1, we can bound the
total horizontal distance travelled by

√
n. Similarly, as the distance between any two successive

points travelled in this algorithm as we reach the top of the square, the total vertical distance is
bounded by ≈ h(n +

√
n) =

√
n + 1 (there may be upto n points in a strip, and there are at most√

n strips). We then join the first and last points, and thus get a segment which is of length at most√
2 ⇒ E[X] ≤ 2

√
n+O(1).

However, in [5], the authors suggest strips of length h =
√

n
2 , and using a similar argument they

show that this same worst case performance can be reduced to
√

2n + O(1). They also take the
better of two tours, one obtained from the other by shifting the strips by a length of h

2 , and argue
that the optimal path is the shorter of these two.
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5.3 Concentration

We use Azuma-Höeffding to a Doob’s Martingale. Let us expose the points p1, p2, . . . , pn in succession
and define Di = E[X|p1, p2, . . . , pi]. Then, |Di+1 −Di| ≤ 2

√
2. Then, using the inequality, we can

conclude that P(|X − E[X]| > λ) ≤ 2e−
λ2

16n , which is not of much use as E[X] ∼ O(
√
n).

Claim 8. For i < n, |E[X|Fi]− E[X|Fi−1]| ≤ c√
n−i , where Fi = σ(p1, . . . , pi).

Proof. Let Li be the minimum TSPtime on the set P\Pi and let Zi =dist(Pi, P\Pi). Then clearly,
Li ≤ X. Moreover, we can show that X ≤ Li + 2Zi. To see this, note that we can get a tour on n
points from Li by adding the paths pjpi and pipj+1, where |pjpi| = Zi for a sequential enumeration
of the TSP on P\Pi. We note that the additional cost incurred to create this tour of n points is
bounded by |pjpi|+ |pipj+1|, which in turn, by the triangle inequality, is bounded by 2Zi.

Now, as exposing the vertex pi does not affect Li, we can say that E[Li|Fi] = E[Li|Fi−1] Taking
the conditional expectations of the bounds obtained in the previous paragraph with respect to Fi

and Fi−1, we get
E[Li|Fi−1] ≤ E[X|Fi−1] ≤ E[Li|Fi−1] + 2E[Zi|Fi−1] (19)

and
E[Li|Fi] ≤ E[X|Fi] ≤ E[Li|Fi] + 2E[Zi|Fi] (20)

and reconciling with the definition of Di and subtracting (17) and (18), we can say that

|Di −Di−1| ≤ 2max{E[Zi|Fi],E[Zi|Fi−1]} (21)

To get bounds on E[Zi], we go back to a previously solved problem in (14); except that we are not
interested in finding the distance to n− i points instead of n− 1. We again use the inequality that
(1− y) ≤ e−y, and bound the probability with the worst case, i.e. when pi is at a corner, using the
constant c = π

4 to get

E[Zi > x] ≤
∫ √2

0

e−cx
2(n−i)dx ≤ c′√

n− i
(22)

Having obtained this bound, we can now go on to use the Azuma-Höeffding inequality to obtain
the bound (by adding the worst case of 2

√
2 separately)

P(|X − E[X]| > λ) ≤ 2exp

(
− λ2

16 + 2
∑n−1
i=1

c′2

n−i

)
(23)
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